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Abstract: We study giant magnons in the the D1-D5 system from both the bound- 
ary CFT and as classical solutions of the string sigma model in AdS% x 5 3 x T 4 . 
Re-examining earlier studies of the symmetric product conformal field theory we 
argue that giant magnons in the symmetric product are BPS states in a centrally 
extended SU x SU superalgebra with two more additional central charges. 
The magnons carry these additional central charges locally but globally they vanish. 
Using a spin chain description of these magnons and the extended superalgebra we 
show that these magnons obey a dispersion relation which is periodic in momentum. 
We then identify these states on the string theory side and show that here too they 
are BPS in the same centrally extended algebra and obey the same dispersion relation 
which is periodic in momentum. This dispersion relation arises as the BPS condition 
for the extended algebra and is similar to that of magnons in M = 4 Yang-Mills 
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1. Introduction 

The duality between M = 4 Yang-Mills and string theory on AdS$ x S 5 is by far 
the most well studied example of the Maldacena correspondence |l|, [|. Another 
well studied and interesting example of the correspondence is the case of the duality 
between type IIB string theory on AdS^ x S 3 x T 4 and the M = (4, 4) superconformal 
field theory on a resolution of the symmetric product |], 0, 3 

M = T N /S(N). (1.1) 

Ad S3 x S 3 x T 4 arises as a near horizon limit of the system of Q\ Dl-branes and 
Q$ D5-branes wrapped on T 4 , then N in ( |1 . 1| ) is given by Q1Q5. The duality sates 
that the spectrum of operators in the M = (4, 4) superconformal field theory on M. 
should be the same as the spectrum of type IIB string states in AdS^ x S 3 x T 4 . 
Operators which have large charges in the CFT should be dual to classical string 
configurations 0. 
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In this paper we consider operators with large J charges, here J = J 3 + J 3 the 
sum of the left and right 577(2) R-charges of the M = (4, 4) conformal field theory. 
We study states with finite A — J, where A = L + L the left and right conformal 
weights of the operators. Operators with A — J = are chiral primaries which are 
the ground states of the TLj twisted sector with J 3 charges (^rS ^p)- We can then 
consider finite number of excitations of the following form on the chiral primary 

^■■••5|0>®|0>, (1.2) 

the vacuum in (|1.2|) denotes the TLj twisted sector. J~ are operators which lower the 
left J 3 quantum number and carry momentum p in the % j twisted sector, under the 
action of an element of ffij, Jp\0) picks up a phase proportional to integer multiples 
of p. We can therefore think of the insertions of J~ as magnons or impurities that 
move with momentum p 

States of the form given in ( |1.2| ) were studied earlier in the limit of small momen- 
tum p and in first order in the ^ blow up mode || 0, §]• The dispersion relation of 
a single magnon was shown to be 

a- j = i + -^A 2 (g 1 g 5 )^, (i.3) 

27T 4 

where A is the coupling of the relevant ^ blow up mode in the symmetric product. 
In this paper we are interested in studying the magnons in the "giant magnon" limit 
given by 

J -> oo, A = X 2 (QiQ 5 ) = fixed, (1.4) 
p = fixed, A — J = fixed. 

This differs from the plane wave limit || where A is infinite and it is n = pj which 
is kept fixed. 

Examining earlier studies of the magnons within perturbation theory in A and 
the plane wave limit we argue that the magnons are BPS states in a centrally ex- 
tended S77(l|l) x S77(l|l) superalgebra, the extended algebra has 2 more additional 
central charges. The centrally extended algebra can be written as a M = 2 Poincare 
superalgebra in 3-dimensions with a single central charge. The remaining central 
charges play the role of the 3-momentum in the Poincare superalgebra. We then 
construct a dynamic spin chain representation of the extended algebra which carries 
these additional central charges and derive the following dispersion relation for a 
single magnon with momentum p 

A- J= Jl + /(A)sin 2 |. (1.5) 
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where /(A) is an undetermined function of the coupling A. On rewriting the extended 
S77(l|l) x S77(l|l) as a 2 + 1 Poincare superalgebra the above dispersion relation can 
be viewed as the relativistic dispersion relation of a massive BPS particle in the 2 + 1 
Poincare superalgebra. The spin chain representation constructed is such that these 
additional central charges vanish on physical states when we impose the momentum 
constraint, the algebra then collapses to the usual algebra. From the perturbative 
result in (|1.3|) we see that 

/( A) = ^i^, for A«l. (1.6) 

7T Z 



Equation (1.5) is a BPS relation and the magnons in question have large J charge, 
therefore we should expect to the find them as classical solutions to the string sigma 
model on AdS^ x5 3 xT 4 . These solutions are identical to the giant-magnon solutions 
found by |T(| in AdS 5 x S 5 . Since these solutions only require the subspace R x S 2 , 
they continue to be solutions 1 in AdS% x S 3 xT 4 with Ramond-Ramond flux through 
the S 3 . After the identification of the momentum of the magnons to the geometrical 
angle |L0| in the classical solution we obtain the following dispersion relation for the 
magnon 

R 2 v 

A - J = — — | sin ^ | , (1.7) 

7TCt 2 

where R 2 is the radius of S 3 given by R 2 /a' = gey/QiQi and g% is the 6d string 
coupling. Following the logic of flO| we write the giant-magnon solution in Lin- 
Lunin-Maldacena (LLM) |12] like coordinates for AdS% x S* 3 [13] and construct the 
Killing spinors of the geometry. From the solution of the Killing spinors and the 
stretched string like nature of the giant magnon in the LLM geometry we infer that 
the solution carries the required additional central charges to render it BPS in the 
extended S77(l|l) x SU(1\1) algebra. The BPS condition then implies the following 
dispersion relation at strong coupling for a single magnon 



2Q1Q5 . 2 P 
z — sin -. 

7T 2 2 



A- J = yi+^™ sin 
Comparison with (|1.5|) we see that the 



f £ ) = 9iQ&B for ~ x>>1 (19) 

Thus identifying the coupling constant A = g§ and examining the weak coupling 
result in (|1.6|) , perhaps we can guess that 

/(A) = (1.10) 



1 Recently giant magnons in AdS% x S 3 and related solutions were studied in W\ 
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at all values of the coupling A. Note that the dispersion relation in (|1.5|) also agrees 
with the plane wave limit when the equality in (|1.10|) is satisfied || ||, [7], The 
dispersion relation is similar to that of giant magnons in M = 4 Yang-Mills with R 2 
in the dispersion relation replaced by the radius of S 5 instead of S 3 . 

The organization of the paper is as follows: In the next section we review the 
results of the analysis of magnons at small p and small A in the symmetric product 
pointing out the evidence for the extended S77(l|l) x SU algebra. In section 
3. we write down the extended S77(l|l) x S77(l|l) algebra and show that it can 
be written as a M = 2 Poincare algebra, we then construct a dynamic spin chain 
representation of magnons using this algebra which obeys the dispersion relation 
(|1.5|) and show that it is a BPS relation of the extended algebra. In section 4. we 
examine the magnons at strong coupling using LLM coordinates for Ad S3 x S 3 . We 
show that the magnons carry the required central charges to be BPS in the extended 
S77(l|l) x S77(l|l) algebra. Appendix A, B fill in the details necessary to show that 
the giant magnon solution is supersymmetric. The method developed in Appendix 
A enables one to determine the supersymmetries of of a solution of IIB gravity with 
S 1 x S 1 x T 4 isometry by embedding it as a solution of (1, 0) 6d gravity. 



2. Magnons in the symmetric product 

In this section we present a short review of the symmetric product conformal field 
theory. We then specify the magnon excitations in the symmetric product whose 
conformal dimensions will be the subject of our interest and review the results of 
perturbation theory in A. 

The boundary theory corresponding to the system of Q% number of Dl-branes 
and Q5 number of D5-branes in type IIB on T 4 is given by the M = (4, 4) super 
conformal field theory on a resolution of symmetric product orbifold 

M = {T A ) Q ^/S(Q X Q 5 ). (2.1) 

The global part of the M = (4,4) algebra is given by the supergroup SU(1, 1|2) x 
SU(1, 1|2). The two copies arise from the left movers and the right movers of the 
conformal field theory on A4. The bosonic part of the the supergroup S77(l,l|2) 
consists of the global part of the conformal algebra SL(2, R) whose generators are 
L ,L± and the global part of the R-symmetry SU(2) whose generators are J 3 , J ± . 
The 8 supercharges for SU(1, 1|2) are labeled by G^ 2 , G a \j 21 where a e {+, — } 
denotes the quantum numbers of the charges under SU{2)r and b £ {+, — } denotes 
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the quantum numbers of the charges under SU(2)j which is an outer automorphism 
of the Af = (4,4) algebra. The subscript ±1/2 refer to the weights of the charges 
with respect to Lq. For our discussion the anti-commutation relations of relevance 
are 

{Gty 2 , G 1/2 } = 2(L - J 3 ), {^1/2) C-i/ 2 } = 2 (-^o - J 3 )- (2.2) 

From the above anti-commutation relations it is easy to see that the set of generators 
{Gt.1/2 > ^i/2' J 3 } or the set {G~^, G~^, 2 , L , J 3 } each form a S77(l|l) sub-algebra 
with central charge Lq — J 3 . Similarly there is an identical copy of the SU(1, 1|2) 
algebra from the right movers. We refer to these generators with a ~ superscript: 
{L , L±, J 3 , J±, Gfj 2 , G°^ x i 2 }. To be specific, and it will be justified by the subse- 
quent discussion we will focus on the S77(l|l) x S77(l|l) subalgebra generated by 
the following 

{G^i/2, Gi/z> {Lq - J 3 )}, {Gti/ 2 iG 1/2 ,{L - J 3 )}. (2.3) 

The terms in the brackets {Lq — J 3 ) and {Lq — J 3 ) form the central charges of the 
SU(1\1) x SU(1\1) algebra. 

Chiral primaries in the symmetric product CFT satisfy the conditions Gy 2 \ip) = 
Gf /2 \tj)) = G± b 1/2 \ip) = G±\ /2 \ip) = 0. They satisfy L = J 3 and L = J 3 We will 
focus on chiral primaries which are the ground states in the 'Kj twisted sector with 
the left and the right J 3 charge given by {^-, we denote this chiral primary by 
|0} n ® |0) n . The construction of this chiral primary ground state using twist operators 

2 



15 



is given m [| 

We now consider the following excitations above this chiral primary 

|0 P1 P2 " " " 0Pj) J ® \0)j = ■ ■ ■ Jp"|0) j ® |0) j. (2.4) 

where J~ is given by 

k=l 

and J^s is the lowering operator of the left moving SU{2) R-current of the k-th copy 
of the torus involved in the 'ZLj twisted sector. To satisfy orbifold group invariance 
condition we need to impose the condition 



5>i = 0. (2.6) 



2 For a detailed review please see [n6| 
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At the free orbifold point such a state is non-chiral in the left moving sector while it is 
still chiral in the right-moving sector. We now perturb the symmetric product CFT 
with the marginal operator constructed from the 7L 2 twist field and which is a singlet 
component of SU(2)j. This operator is dual to a combination of Ramond-Ramond 
0-form and a 4-form on the dual gravity type IIB background. This perturbation is 



given by 16 



\{Gtt /2 Gty 2 - Gt V2 Gt + l/2 )^ 1,2) + cc, (2.7) 

where A is the coupling constant, and E^/ 2,1 / 2 ) refers to the 7l 2 twist operator of 
charge (1/2,1/2). Finally cc refers to the expression involving the antichiral field 
f^P-A 1 / 2 ). On perturbing the CFT with this operator the excited states given in (|2. f ) 
are no longer right-chiral || 3 it picks up anomalous dimensions. 

We now recall the results of the evaluation of the anomalous dimensions of the 
class of operators given in ( |2.4| ) to first order in A in the limit J — > oo and Pi << 1 
together with the number of excitations being small p). Consider the state 4 

\<l>p)j®\0)j = Jp\0)j®\0)j. (2.8) 

1. To first order in A the action of G~^ 2 flips the state \4> p )j <8> |0) j from the 
twisted sector to the ffij-i twisted sector. We write this as 

G^;Mj ® \0)j oc e ab XGt b 1/2 \<P P )j-i ® |0)j_i. (2.9) 

The above transition clearly conserves the left and right J 3 , J 3 charge. || 
evaluated the following overlap in the limit J— >oo,p<<lto first order in A 



j-i<0| ® j-MG^GJMj ® 10), = e ^P^Q\ ( 2.io) 

Note that from the equation in Q2.9D we see that the state \ip p )j ® \0)j which 
was chiral on the right movers is no longer chiral. 

2. In || it was shown that to first order in A the following commutation relation 
is obeyed on the state. 

{G-; 2 ,G-)> 2 }\<f> p )j®\0)j = e ab \ I dzd z (zz^ 2 W\<P P )j®\0)j. (2.11) 



3 We follow the reference ||, related work has been done in |6|, f7|, p7[. The analysis of these build 
upon the detailed evaluation of the 3-point functions of correlation functions of twist operators for 
symmetric products which were performed in jl8| pof . 

4 In p the momentum of the state in (2.S) is referred to by the label n, with 2nn/J = p. 
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Note that the operator Et 1 / 2 ' 1 / 2 ) corresponds to the chiral primary with charge 
(1/2, 1/2), therefore J dzd z (zz& 1 ^ 2 ' 1 ^ 2S) ) in ( [2.1 1| ) commutes with the following 
set of generators 

1 Lt 1/2' -1/2' ^1/2' -1/2J " 

Thus with respect to the SU(1\1) x ^^(l 1 1) subalgebra given in ( p. 3D the 
operator f dzd z 

(^^(1/2,1/2)) ig 

central. Furthermore the action of the operator 
evaluated at the leading order in A and for p « 1 is given by |§ 

dzd z (zzZ W2 ' 1/2) )\(f> p )j ® \0)j ~ p|^)j_i ® |0)j_!. (2.12) 

Thus on physical states which satisfy fl2.6|) the action of the central element 
vanishes. The commutation relation given in ( 2.11]) can also be seen in the 
plane wave limit ||. In the plane wave limit of AdS% x S 3 it can be seen that 
H the charges obey the following commutation relations 

{G-; 2 ,G-; 2 } = e^^piV p , (2.13) 

v 

{G + _ a 1/2 ,Gt b 1/2 } = e ab ^Y,P N P- 

p 

where N p is the oscillator number operator at momentum p on the pp wave 
and p + is the light cone momentum. From these commutation relations also 
it is seen that on physical states, which satisfy the condition J2 P pN P = 0, the 
anti-commutation relations vanish. 

3. To the leading order in A the correction to A — J where A = Lq + Lq and 
J = J 3 + J 3 is given by |§ 

A-J=l + ^X 2 (Q 1 Q 5 )(^y (2.14) 

4. Note the that marginal deformation of the conformal field theory given in (12.71 ) 
is such that L = L . Furthermore the excited state given in fl2.8|) is such 
that Lq = Lq, therefore in perturbation theory it is clear that the change in 
conformal weights of states is such that SL = 5L Q 

In principle there could be the following transition from the TLj twisted sector 
to the 7Lj+\ sector 

Gt a 1/2 \<P P )j ® |0)j - e a6 G-; 2 |0 p ) J+1 ® ((W (2.15) 

Note that the J 3 , J 3 charges are conserved under such transitions, but to first order 
in A such transitions are not present H], 
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3. The SU(1 1 1) x SU dynamic spin chain model 

As we have seen in the previous section that it is possible to obtain the conformal 
dimensions of the magnon excitations within perturbation theory it is sufficient to 
restrict our attention to the action of the supercharges {G^, 2 , G^X, G^, 2 G^t} or 
the set of supercharges {G^, 2 , G^Z, G^, 2 G^Z} . From the commutation relations in 
( p72|) it can be seen that the above charges generate the subgroup SU{\\\) x SU{1\\) 
with central charges L Q — J 3 and L — J 3 . To simplify the discussion we choose one 
of the SU x SU algebra and define the generators as follows 

>Q 2 , (3.1) 
In terms of these variables, the SU(1\1) x SU(1\1) algebra is given by 

(3.2) 



^-1/2 


+ Qi, 


^-1/2 


^1/2 


-> Si, 


°"l/2 


L -J 3 - 




L - J 3 



{Qi,Si} = 


-Ci, 


{Q2 


,s 2 } 


= c 2 


{Qi,Q*} 


= o, 


{Si, 


s 2 } 


= 0, 


{Qi,S 2 } 


= 0, 


{Si, 


Q2} 


= 0. 



C\ and C2 are central elements of the algebra. 



The magnon excitations given in (|2.4 ) with momentum pi = belong to the 



BPS states of this algebra with Ci = j, C2 = 0. We now consider magnons with 
momentum pi 7^ 0, these states are not BPS in the above algebra as Ci, C2 7^ 0. But, 
on turning on interactions due to the marginal operator in ( |2.7| ) we propose that 
the above algebra gets central extended with 2 more additional central charges. The 
magnons are then BPS states within this extended algebra and carry these central 
charges. These central charges are such that on physical states they vanish. We then 
derive the dispersion relation relating the conformal dimensions of the magnons to 
the momentum p t . 

3.1 The extended S77(l|l) x SU algebra 

From the anti-commutation relation ( 2.11|) derived at first order in perturbation 



theory and the anti-commutation relations fl2.13| ) obtained in the plane wave limit we 
see that the we should extend the SU x S77(l|l) subalgebra such that {Qi, Q2} 
and {Si, S2} is non-trivial. Therefore we consider the following central extension of 
the S77(l|l) x SU(1\1) algebra, given by the commutation relations 

{Qi,Si} = Ci, {Q2,S 2 } = C 2 , (3.3) 
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{Qi,Q2} = C 3 -iC A , 
{Qi,S 2 } = o, 



{S l ,S 2 } = C 3 + iC 4 , 
{3 1 ,Q 2 } = 0. 



Note that we have extended the algebra by including 2 more central charges C 3 ,C 2 , 
further more since 

Ql = S »> ( 3 - 4 ) 
we have {Qi, Q2Y = {Si, S 2 } the central charges in these two cases are related by a 
Hermitian conjugation. Note that the above central extension of S77(l|l) x S77(l|l) 



is different from that considered in [21] which arises in certain sub-sectors of M = 4 
Yang-Mills 5 



This central extension of the S77(l|l) x S77(l|l) in ( |3.3|) can be viewed as a 
N = 2 Poincare superalgebra in 3-dimensions with one central charge. The remaining 
central charges play the role of 3-momentum in the Poincare superalgebra. This is 
similar to the case of giant magnons of M = 4 Yang-Mills, there the magnons are 
BPS states of the central extended SU (2|2) superalgebra which can also be written as 
a Poincare superalgebra in 3-dimensions PD[ . To view the centrally extended algebra 
in ( |3.3| ) as a M = 2 Poincare algebra we first define the following two component 
Majorana spinors in 3-dimension 



q 



Qi + Sx 
[i(Q2-S 2 )\ 



q 



i(Qi - s t ) 
[ (Q2 + s 2 ) 



(3.5) 



It is easy to see that from the property ( |3.4| ) that these charges are real. We now 
can write the commutation relations for the extended algebra in (|3.3|) as 



{qlq j (3 } = 2S i %(rU + 2eVe a pC 3 . 
Our conventions for the 3-dimensional 7-matrices are as follows: 



7° = ™\ 



7 2 = a\ 



where a % are Pauli matrices. We also define 



1% = 7° = -S°*, 



-a 



7 2 



a 



(3.6) 



(3.7) 



(3.J 



From ( p.3|) and the definition of 7^ and the relation ( p.6|) we see that the momenta 
Pn are identified with the central charges as follows 



Po-Pi = Ci, 



-Po+Pi = C 2 , p 2 = C 4 . 



(3.9) 



5 In the extension considered by pi] , the anti-commutators {Qi,S 2 } and {Si,Q 2 } were non- 
trivial. 
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The algebra given in ( |3.6|) is the super Poincare algebra in 3d with the central charge 
Ca.The remaining central charges of the extended £77(1|1) x £77(1 11) algebra are 
identified with the momenta in 3d which commute with the supercharges. From the 
RHS of (13.61) we see that BPS states exist when 



Pl=pl+Pl + Ci or Ifr + C 2 )> = fa -C 3 ) 2 + (% + (%. (3.10) 
3.2 Dynamic spin chain representation 

We have seen that the magnon excitations given in ( |2.4| ) with p^ = are states 
with G\ = j and C 2 = 0, one can also see that they satisfy the BPS condition 
( |3.10| ). In this section following |22j we write down a representation of the extended 



£77(1 1 1) x £77(1 1 1) algebra in terms of a dynamic spin chain which carries the central 
charges C 3 , C 4 . We propose that these states correspond to magnons with Pi ^ 0. 
The charges are turned on in such a way that on physical states they vanish. We 
thus satisfy the property ( [2.1 1| ) and ( 2.13Q seen both in perturbation theory at first 



order as well as in the plane wave limit. Using this representation of magnons we 
derive a dispersion relation of the energy C\ + C 2 = A — J = (L + L ) — (J 3 + J 3 ) of 
these magnons. This dispersion relation satisfies the BPS condition (|3.10|) and thus 
is valid at all orders in interaction. In the next section we identify the magnons at 
strong coupling and show that they indeed satisfy the same dispersion relation. 
The vacuum state of the spin chain is a chrial primary denoted as 

|0)j® |0)j= \...^...)®\. ..$$...). (3.11) 

This state represents the chiral primary or weight (pp, ^ip) i n the TLj twisted sector 
of the symmetric product. We work in the limit J — > oo. It is convenient to think 
of each as state which carries weight L = 1/2 and J 3 = 1/2. In the language 
of the twist field it is a !S 2 twist field which implements the permutation between 
two copies of the torus T 4 . Thus in the vacuum state in (|3.11 ), there are J — 1 l^'s 



each carrying Lq = 1/2, J 3 = 1/2 at the J — 1 sites for the right moving vacuum and 
similarly there are J — 1 which carries weig ht L = 1/2, J 3 = 1/2 at J - 1 sites 
for the left moving vacuum. All charges Q\, Q 2 , £i, £2 annihilate the vacuum fl3.11| ) 
since it is a chiral primary. From now on we will work in the limit of the infinite 
J — » 00 chain. We consider the following excitations on this vacuum 

|0 pi ...0 Pj .)®|O) = Yl e i ^ 1 ...e^|---^---0i---0 2 ---0 r --^---)®|O). 

Hi, «...«TLj 

(3.12) 
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Note that we have removed the subscript J from the kets since we are working in the 
strict J — > oo limit. Here the state \4>) represents a state with Lq = 1/2, J 3 = —1/2 
with It is obtained from the state by the 

|0> = J-|V>. (3.13) 
Thus excitations given in ( [3.12 ) can be obtained following action of J~ on the vac- 



uum 

-^10) ®|0), (3.14) 

where 

^ = ( 3 - 15 ) 
i 

J a) acts on the state at site /. Thus the state in ( |3.12|) corresponds to the state 



'(0 

defined in (|2.4| ). The central charges at zeroth order in the coupling of the theory of 
this state is given by G\ = j, C 2 = 0. 

To define the action of the charges Q a , S a on the general excited state (|3.12|) we 



first define their action on the simple state with one ip excited to on the extreme 
left. Let 

\4>)® |o) = |#v •••)«> \W>-~), (3-16) 

then the action of the charges on this state is given by 

Qi|0><8> |0> = a\^ + <P)® |0), (3.17) 
Q 2 |0)®|O) = a , |</))®|^ + ), 
S 1 \(f>)® |0) =b\^~(j))® |0>, 

s 2 \4>)®\o) = b'\4>)®\4>-). 

In the above equations the presence of ip + refers to the fact that that state is in 
the TLj+\ x 7Lj twisted sector, while the presence of ip~ refers to the fact that the 
state is in the TLj_\ x !Sj twisted sector. Similarly the presence of ip + refers to the 
fact that that the state is in the 7Lj ® ^j+i twisted sector, and the presence of if)~ 
refers to the fact that the state is in the 'ZLj ® ^j-i sector, a, a', b, b' are constants 
which depend on the interaction strength of the theory and should vanish at the 
zeroth order in coupling. These transition rules are motivated from the observations 
given in ( |2.9| ) and (|2.10|) seen in the symmetric product conformal field theory at first 
order in A. In the extended algebra ( |3.3j ) we have Q\ = 0, Sf = 0, Q\ — 0, 5f = 0. 
We write this as 

Qi\^ + <p)® |0> = 0, (3.18) 
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QM®\4> + ) = o, 

S 1 \i(>-<f>)®\Q) = 0, 

s 2 \4>) <g> |^-) = o. 

From the above rules it is clear that the the difference of the twists in the between 
the left and the right moving sectors can be at the most ±1. To impose the anti- 
commutation relations {Qi,S 2 } = 0,{Q 2 ,S2} = on the states of spin chain we 
assume the following states in the spin chain are proportional. 



Q 1 \*)=gS 2 \*), Q 2 \*) = g , S 1 \V). 



(3.19) 



where |^) is any state obtained by the action of charges on the state \4>) ® |0). 
The above equation is motivated by the observation ( |2.9| ) seen in perturbation theory. 
It is clear that using the above equation and the fact Q\ — 0, Sf — 0, Q\ = 0, S 2 = 
the anti-commutation relations {Q%,S 2 } = 0,{Q 2 ,S 2 } = on the excited states 
are seen to hold. Now the only other non-trivial sequences of action of charges to 
specify the representation are Q1Q2, Q2Q1, SiS 2 , S 2 S\, QiS\, S\Qi, Q2S2, S 2 Q 2 . We 
write these 





5 |0) 


= aa'\^ + ) ® |^ + ), 


Q2Q1I0) c 


5 |0) 


= aa'>y\il) + } ® |^ + ), 


SiS 2 \(f)) c 


5 |0) 


= bb'\i>-(f>) ® 


S2Sl\(fi) c 


5 |0) 


= bb'i\il)-<j)) ® $-), 


SiQi\<f>)t 


5 |0) 


= ab\<p) <g> |0), 


QiSi\<f>)t 


5 |0) 


= a&7|0) <g> |0), 


S 2 Q 2 |0>c 


5 |0) 


= a'b'\4>) ® |0), 




5 |0) 


= a'fe'f |0) ® |0). 



(3.20) 



Note that the action of the QiQ 2 does not anti-commute with the action of Q2Q1 
for 7^-1 this is precisely what we require if the central charges C3, C4 need to 
be turned on. A similar statement holds for the action of SiS 2 and S 2 Si. Thus 
interchanging Q\Q 2 picks up a factor of 7 and interchanging S\S 2 picks up a factor 
of 7'. Similarly note that Q\S\ and Q 2 S' 2 also do not anti-commute. 

Now using the defintion of the spin chain representation given in ( |3.17| ), ( |3.1£| ) 
and ( |3.20| ) we read out the central charges carried by the representation. Examining 
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the relations {Qi, Si} and {Q2, S2} on the excited state in (|3.16|) give 

C 1 |0)®|O) = a6(l+7)|0)®|O>, (3.21) 
C 2 \4>)®\0) =a'6'(l + 7')|0)®|O). 

Finally from the relations {Qi, Q 2 } and {Si, S2} we have 

(C 3 - i<7 4 )l0) ® |0) = (1 + T )aa'|V + 0) ® |^ + ), (3.22) 
(C 3 + iCi)\<f>) ® |0) = (1 + 7>'|V>~0> ® hT>- 

In deriving this we used the rules given in ( |3.20|) Note that from the action of the 
charges given in ( |3.17| ), ( |3.19| ), ( |3.18|) and ( |3.20|) it can be shown that the charges 
C 3 ,C<i are central. Therefore the rules (|3.17|) , ( |3.19|) , (|3.18|) and ( |3.20|) define a 
representation of the extended Si7(l|l) x SU algebra. 

We are interested in representation such that the central charges C 3 , C 4 are 
turned on locally in a state but globally on physical states these central charges 
vanish. For this we consider an excitation of definite momentum p given by 

I0p>® |0> =5^e* fc |...^...0...'0V...>®|O>. (3.23) 

k 

Insertion or removal of if) to the immediate left of the excitation we obtain 



|V>%> ® |0> = ^ • • -^0 • • •) ® |0), (3.24) 

k 

= ^e ip ^|...VV>---0---)® |0>. 

k 

Thus upto a phase we can shift the insertion or removal of ip to the very end. We 
therefore have the relation 

Irtv) <8> |0) = e :pip |# ± )<g>|0). (3.25) 

Thus the action of the central charge C 3 — zC 4 on the tensor product of excitations 
is given by 



(C 3 - ^ 4 )|0 P1 . . . <g> |0> = C|0 P1 . . . ® (3.26) 

3 3 

c= 53 0*0^1+7) n e_ipi - 



fe=l Z=fc+1 

Therefore C should vanish on physical states, this is obtained by setting 



a fc a' fc (l + 7 ) = «(e-^-l), (3.27) 
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where a is a function of the coupling A, the normalization of a above is for conve- 
nience. With this condition it is easy to see that C is given by 

j j / i \ 

c = a j2( e ' wk - x ) n e ~ ipi = a n e ~ ipk - 1 ■ ( 3 - 28 ) 

k=l l=k+l \k=l / 

Thus on physical state C vanishes. Similarly we see that we should set 

M4(l+7')=a*(e^-l), (3.29) 
which ensures C3 + iC^ also vanishes on physical state. Note that the central charge 



C3 + iCi is the complex conjugate of C3 — iC^ which has been implemented in ( p. 27 
( 13.291) . For the state \<p p ) <8> |0) we have C\ — C2 = 1, since 



d - C 2 = (L - J 3 ) — {L — J 3 ) = J 3 - J 3 . (3.30) 

Here the last equality follows due to property 4. seen in perturbation theory, that is 
the condition L Q = L is maintained in perturbation theory, from (|3.21|) we have 

(1 +7)06- (1 +7>'&' = 1. (3.31) 

Then from the equations ( p.27|) , ( p.29|) and (|3.31|) we obtain 



A - J = d + C 2 = ((1 + 7)a6 + (1 + 7V&O (3.32) 

(1 + 7)(1+7Q . 2 p 

1 + 16a*a- -sin - , 

(I + 7XI + 7O l 2 J ' 



l + /(A)sin 2 (^ 

We thus have obtained the dispersion relations for the magnons. Note that the 
above relation satisfies the BPS condition given in ( |3.10| ). From the comparison of 
the correction to A — J computed at weak coupling and small mometum given in 
( [2.14| ) we see that 

/(A) = A 2 ^. (3.33) 

For the tensor product exicitation given in fl3.12p with the assumption that the 
exciations are well separated we obtain the dispersion relation 



A - J = E\/ 1 + ^) sin2 (?)- ( 3 - 34 ) 

i=l 
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4. Magnons at strong coupling 



The classical solutions of the string sigma model found by [n| for the case of AdS§ x 
S 5 continue to be solutions in Ad S3 x S 3 x T 4 . This is because they require only 
the subspace R x S 2 which is also available in AdS 3 x S 3 . It is only when there 
is Ramond-Ramond flux through the S 3 the equations of motion discussed by \ ffi 



continue to be the same for the case of AdS 3 x S 3 . Thus the discussion in this section 
applies for pure Ramond-Ramond flux through the S 3 . We first start with a short 
review of the magnon solution and obtain the dispersion relation of the magnons at 
strong coupling. We then provide a detailed analysis of the supersymmetry preserved 



by these magnons by following the logic outlined in [10]. This involves writing the 
solution in LLM like coordinates for the case of AdS$ x S 3 in which the magnon 
solution is just a stretched string. By studying the Killing spinors and a particular 
one-form which corresponds to the gauge transformation of the NS B-form under the 
action of two supersymmetries we see that the magnon solution carries the required 
central charges to be BPS. The reason it is BPS is the same as the reason a stretched 
string is BPS in flat space, in fact the supersymmetry algebra turns out to be the 
the extended Si7(l|l) x S77(l|l) algebra discussed in in section 2. 

4.1 Magnon dispersion relation at strong coupling 

The near horizon geometry of the D1-D5 system for large A is AdS$ x S 3 x T 4 
described by the following metric [[§: 

ds 2 = R 2 (- cosh 2 pdt 2 + dp 2 + sinh 2 pdcp 2 + dn 2 3 ) + ds 2 ([T 4 ]), (4.1) 

where dfl 2 is the metric on the unit three sphere given by 

dtt 2 3 = d9 2 + sin 2 9d(j) 2 + cos 2 6dijj 2 , (4.2) 

with < 9 < 7T, < < 2tt, < ip < 2vr, and ds 2 {[T A ] is the flat metric on the four 
torus given by 

ds 2 [T A ] = a'J^r (dx 2 e + dx 2 7 + dx 2 8 + dxl) . (4.3) 

v is the volume of asymptotic volume of the four torus in string units, and 

R 2 = a'g 6 ^/Q^Q~ 5 , (4.4) 

with g 6 = g s j\pv. Note that we have used global coordinates to describe AdS 3 . 
We identify <p to be the coordinate conjugate to angular momentum J = J 3 + J 3 . 
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The string ground state with E — J = corresponds to a lightlike trajectory that 
moves along with — t = constant and sits at 9 = tt/2 . and at the center of 
AdS^, p = 0. Now to obtain the string configuration that corresponds to a solution 



carrying momentum p with the least amount of energy e = E — J we follow [10]. We 
first choose the point ip = on the circle S 1 parameterized by ip. This point along 
with 9 and form a S 2 . After we include time, the motion takes place in R x S 2 
where R is parameterized by the time coordinate. We now write the Nambu-Goto 
action for the string in this background by choosing the world sheet coordinates to 
be: 

t = r, <f>-t = a, (4.5) 

and we consider a configuration where 9 is independent of r. The Nambu-Goto action 
takes the form: 



S = / drday'—det'y, (4.6) 

Itxoi' J 

where 7 is the induced metric on the world sheet given by 

lab ~ 9t * u da« da b ' ( } 

where a, b = 0, 1 and cr° = r and a 1 = a. After taking into account the worldsheet 
parameterization given in ( |4.5| ) we get the following action, 

2 



S = / drda Vcos 2 99' 2 + sin 2 6, (A.i 

2na' 1 



here 9' refers to derivative with respect to a. Following [^] we integrate the equations 
of motion and get 

Sin^n /7T „ \ 71 , 

sin # = _ O <<x< -0 O , 4.9 

cos ex \2 / 2 

where < < f is an integration constant. The difference in angle between the 

two endpoints of the string at a given time 5a = 2 (| — 9q\ is identified with the 

momentum p of the magnon [|l(J , we write this as 

5<p = 2(^-60) =p, (4.10) 

and one also obtains the energy E — J which is the Noether charge corresponding to 
shifts in o to obtain 

E- J=— cos O = — sin^. (4.11) 
ira' ttq>' 2 

After we have identified 5<fi with p, we obtain the following strong coupling result of 
the dispersion relation, 



E — J 



R 2 . P 
sm - 
2 



(4.12) 
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Note that this dispersion relation agrees with the strong coupling limit of ( |1.5|) if 
/(A) — > glQiQh/^ 2 for A — > oo. We now proceed to demonstrate that these magnons 
are supersymmetric. 

4.2 Supersymmetry preserved by magnons 

There are two crucial ingredients to demonstrate that these magnons are BPS so- 
lutions of type IIB on AdS 3 x S 3 x T 3 . The first one is to demonstrate that in a 
particular coordinate system the magnon solution is just a straight stretched string. 
For this we write the solution given in Q4.9| ) using the LLM [|T^] coordinates suitable 
for AdS 3 x S 3 . The AdS 3 x S 3 metric in these coordinates is given by [113] 

-h 2 {dt + Vidx 1 ) 2 + h 2 {dy 2 + dijdx'dyi) + y(e G dQl + e~ G dQl) 



ds 2 G 



where 



.-2 



2y cosh G, 



z = - tanhG, 



dV 



-— * 3 dz. 

y 



and z satisfies the following equations 



d i +yd y -d y 



(4.13) 
(4.14) 

(4.15) 
(4.16) 



dizdiZ + dyzdyZ 



~^y 2 



2\2 



For the AdS% x S 3 metric z is such that in the plane y = 0, 2 = 1/2 is a circular 
region of radius R. The above metric is a fibration of the time direction t and the 
two S lJ s denoted by fl\ and Cli over the three dimensional space characterized by 
Xi,X2,y. We can obtain the conventional global coordinates of AdS^ x S 3 given in 
(OF) using the following change of coordinates 



y = sinhpcos^, 



cosh p sin 9, cr = (f) — t, 



(4.17) 



Xi 



r cosa 



x 2 



r sin cr, 



Using this change of variables, the metric on the plane y = for r < 1 is of the form 



ds 2 = R 2 



-a 



dt - 



1-r 2 



da + 



dr 2 + r 2 da 2 
1^72 



+ (1 - r 2 )dip 2 



We now repeat the analysis of JlO| for this case. From (|4.17Q we see that r 2 



x\ + x 2 , since p = 0, the solution (4.9) can be written as 

rcoscx = X\ = cos 6*0 = constant. 



(4.18) 
sin 2 6 = 

(4.19) 
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Thus the magnon solution is just a straight stretched string in these coordinates. 
The string is stretched between two points on a circle. Note that the energy E — J 
of the magnon is just the length of the string with flat metric on (xi,x 2 ) plane, 

R 2 R 2 

E-J= Ax 2 = cos O . (4.20) 

an an 

Finally in these coordinates the angle subtended by the string at the centre of the 
circle is related to p by 26q = tt — p from ( |4.10| ) 



The second ingredient needed to show that the giant magnon solution preserves 
supersymmetry is to demonstrate the it carries the appropriate central charges. 
These central charges arise due to the fact that it is just a straight stretched string 
in the LLM like coordinates and thus it has the appropriate winding charge needed 
to make it supersymmetric. This is the same reason that stretched strings in flat 
space are BPS. To show that that the giant magnon solution carries these charges we 



again follow the logic outlined in flO] . We first need to find out the Killing spinors 
for the AdSs x 5 3 solution in LLM like coordinates. We start with the LLM like 
ansatz for type IIB with 5 1 x 5 1 isometry, this ansatz accommodates AdS% x S 3 x T 4 
as a solution In the near horizon geometry of the D1-D5 system the Ramond- 
Ramond 3-form is self dual, therefore we take D = 10, IIB supergravity with the 
following bosonic fields turned on: the metric Gmn, the 2- form potential C^ IN with 
self dual field strength i.e F( 3 ) = *F( 3 ) where F 3 = dCXy Let ipM be the gravitino 
which is a right handed Weyl spinor i.e it obeys the condition TnipM = ipM, A is 
the dilatino which is also a right handed Weyl spinor. Notice that we have set the 
Ramond-Ramond 4-form potential and axion-dilaton to zero. We specify a reduction 
of the form : 

ds 2 w = g^dx»dx u + e H{x)+G{x) d<f) 2 + e H{x) ~ G{x) <d4> 2 + dx s dx s , 

F (3) = - l -F {2) A d<j> - l -F {2) A #, (4.21) 

where 

^(2) = F^dx^ A dx u , (4.22) 

s = 6, 7, 8, 9 the directions along T 4 and /i = 0, 1, 2, 3. The above ansatz preserves 
the 5*0(2) x 5*0(2) isometry. This ansatz corresponds to setting the gauge fields from 
the components of the metric and the 2-form potential : and C ' i and the scalars: 
C^- and components) to zero. This is an inconsistent truncation of the theory 
but as argued in ||13[| , this inconsistency manifests itself in one additional constraint 
given in the second line of ( [4.16 ). Since we have set the axion-dilaton to a constant 



- 18 - 



and the Ramond-Ramond 4-form potential to zero, the supersymmetry variation of 



dilatino and gravitino takes the following form [13, 23 



= Vms - ^(r M V NPQ + 2V NP ^V M )F NPQ e*, 
9o 



6X = -±F MNP T MNP e. (4.23) 

We use the convention that lOd gamma matrices are purely imaginary, explictly 
they are given in (|A.1|) . Setting the dilatino variation to zero gives the 6d chirality 
condition on the spinor 

r°r 1 r 2 r 3 r 4 r 5 e = -e. (4.24) 

Since the spinor e is a 10 Weyl spinor we also have the following condition 

r 6 r 7 r 8 r 9 e = -e. (4.25) 

The gravitino variation in the 0, 1, 2, 3, 0, <fi directions are given by 



6% = V^e - l 7p(J F^e-^-^ 



16 - '7^i e > 

5n H = hfipH^eaxy + e^d^e - ie'^^e, (4.26) 

Sn G = hdf&fe^e + e-^d^e + le^^d-.e - \l p(T F^e*. 
Z o 

Here 5Qh and 5Qg are defined as 

sn H = 5^ - e G r 5 r 4 ^, 6n G = 8% + e G r 5 r 4 ^. (4.27) 

Note that these gravitino variations are different from that obtained by for the 
case of 6d (1, 0) gravity. Due to the the occurrence of e* on the RHS of the variations 
the solutions of the Killing spinors obtained by |13|] for the case of 6d (1,0) gravity 
cannot be directly embedded in IIB gravity. But as shown in appendix 0. for the 
following spinor 

e = e R + i(l®e®a 1 )e R . (4.28) 

the gravitino variations reduce to that obtained by In (|4.28|) subscripts stand 
for the real part of the spinor e. Rewriting the gravitino variation (|4.26|) in terms of 
the spinor e from, we get the following equations 

<% = V M e - ^ e -i^- G ) 7pCT F^7 M e (4.29) 

^_ | H-\-G H G 

5VL H = -i-d^H^e + e s~fye - ie ~7 5 <^e 
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We now can take the Kaluza-Klein ansatz for the spinor e 



e(x,0,0) = exp ( --(# + #) ) e(x). (4.30) 



Substituting this ansatz in the equations Q4.29Q we obtain 



8% = V M e - ^ e -^ H - G h P aF^~e (4.31) 



H+G _, . H—G 



H+G . H+G g_„ 2 



i5Q G = d^G^e + e 2 r?e + ie 2 7 fje - -^ pa F pc7 e. 



These equations are now identical to the gravitino variation obtained by |13|] for the 
case of 6d (1,0) gravity. As a by product we have obtained the procedure to embed 
all the solutions obtained by [|13j for 6d (1, 0) gravity in type IIB gravity. In appendix 



A.l|. we have explicitly written down two Killing spinors in AdS% x S 4 x T 4 in LLM 



coordinates referred to by 



ei = l(£+n e 2 = l -(i' + n, (4.32) 



where e and e' are given in (|A.44|) and ( |A.45|) respectively 



From the study of the supersymmetry algebra of type IIB gravity in |23| it is 
seen that the action of anti-commutator of two supersymmetries contains a gauge 
transformation on the Neveu-Schwarz 5-field. This implies that under the pres- 
ence of stretched strings the anti-commutator of the supercharges contains a term 
proportional to the winding charge of the stretched strings. We write this as 

■MO 



Q = J d»x^j M »u M , (4.33) 

where the winding current j MN is given by 

jMN (x) = &f drda(d T X M d a X N - d T X N d a X M ) 6l ° {x ~* {a)) . (4.34) 
2na' J M yj-g 

and ujm is the resulting gauge transformation parameter from the anti-commutator 
of two supersymmetries. Note that the winding charge ( |4.33| ) is conserved only if 
uj m is a closed 1-form since V mU MN ^m) = ^ m] MN + j MN V m^n = only 
if V muj n — Vjv^A/ vanishes. Thus what remains to be done is to determine the 
relevant gauge transformation parameter which results from the action of the anti- 
commutator of two supersymmetries and show that that it is a closed form. From 
the analysis done in appendix [A], and appendix [FJ. the relevant gauge transformation 
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parameter is given by oo^ = 2(617^2) where t\ and €2 are given in ( |4.32j ). In appendix 
|B[ we have explicitly evaluated 00^ and we see that it is a constant closed 1-from. 
The only non zero components of of uo^ is given by 

uji = cosx, ^2 = sinx, (4.35) 

where x is the angle corresponding to the rotation degree of freedom in the (1,2) 
plane. Since there is a freedom of choosing the angle x the winding charge of a 
straight string in the x%,X2 plane along any direction is conserved and appears on 
the RHS of the supersymmetric algebra. All one has to do is to choose x so that the 
1-form (001,002) is along the direction of the string. The magnitude of the winding 
charge along with its direction in the (1, 2) plane has 2 independent components, the 
straight stretched string carries two additional central charges. For the giant magnon 
solution given in ( |4.19| ) the winding charge using the definition in (|4.33|) , ( 4.34|) is 
given by 

R 2 

Q = — : cos 0qX2, (4.36) 

the £2 denotes the direction of the winding. Thus subalgebra relevant for the giant 
magnons, S77(l|l) x SU(1\1) is therefore extended by two additional central charges. 
From the discussion of the extended algebra in section 3, we see that the extended 
charges also form a vector given by C3 + iC 4 . We now identify the central charges 
as 

Q = (C 3 + zC 4 ). (4.37) 

The proportionality constant is fixed by the fact that the dispersion relation obtained 
from the BPS condition ( |3.10| ) is consistent with the strong coupling dispersion rela- 
tion obtained in ( |4. 12| ) . Since the magnons are straight stretched strings and carry 
the appropriate winding charges they are BPS. Therefore we can apply the BPS 
relation ( |3.10| ) to derive the dispersion relation. For a single magnon this gives 



A - J= (d + C 2 ) = Wl + — cos 2 #o, (4.38) 




In the second line we have used the identification given in ( [4.10 ) of #0 with the 
magnon momentum. Substituting the value of R 2 in terms of the Dl, D5-brane 
charges we obtain 

A — J — /l+(M**W|. (4.39) 
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Thus we see that at strong coupling 



/(A) = ^^6, A»l. (4.40) 



5. Discussion 

In this paper we have used the centrally extended S77(l|l) x SU superalgebra 
with two more additional central charges to derive the dispersion relation of magnons 
in the D1-D5 system. The derivation closely followed the derivation of the dispersion 
relation of magnons in Af = 4 Yang-Mills. This similarity suggests that just as M = 4 
Yang- Mills is integrable at the planar limit, the D1-D5 system might be integrable 
for Q1Q5 » 1. In fact the classical string on Ad S3 x S 3 with Ramond-Ramond 
flux through the S 3 is known to have infinite set of non-local, commuting conserved 



charges ||24| . Thus using integrability along with the extended symmetry we have 
found in this paper and proceeding algebraically along the lines of it might be 
possible to obtain the S-matrix of this theory which will lead to the information 
about the complete spectrum in the large J limit. Another approach is to look at 
the S-matrix of magnons in the strong coupling limit. As we have seen at strong 
coupling the giant magnon solution in the D1-D5 system is identical to that of M = 4 
Yang- Mills. Since the evaluation of the S-matrix for scattering of two magnons with 
momentum pi and p 2 at strong coupling just depends on the classical solution, the 
S-matrix evaluated by [R| applies for magnons in AdS^ x S 3 as well. This is given 
by 

S(puP2) = exp(iS), (5.1) 

, x VXf Px P2\, / sin 2 Mi 

where 5 = -— [cos - - cos - j log [ — - 2 

where sign(sin ^-) > and sign(sin y) > and A = g§QiQ<$. It will be interesting to 
perform the sub-leading corrections to this S-matrix for the AdS$ x S 3 case following 
[p5fl , since these depend on small fluctuations around the giant magnon background. 
Here the fact that we are in the AdS^ x S 3 x T 4 background will play a role. The 
sub-leading corrections to this S-matrix and the use of the extended symmetries we 
have found in this work might help to determine the complete S-matrix. 

Finally, we have studied the extended supersymmetry of the giant magnons 
following the approach of PU| . It will be interesting to study this issue using the 
more direct world sheet approach of 
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A. Embedding (1,0) 6d supergravity in IIB supergravity 

In this section we embed the solutions of (1, 0) 6d supergravity found in |H| in type 



IIB supergravity. The strategy we follow is to rewrite the type IIB supersymmetry 
variations in terms of supersymmetry variations of (1,0) 6d supergravity given in 
[JOJ . This allows us to easily solve for the Killing spinors for Ad S3 x S 3 in the LLM 
coordinates. We first choose the following convention of lOd gamma matrices. 

(A.l) 



p/i 




e ® 1 ® a 3 


pi 


= il <g> e $ 


5 £ ® £, 


p5 


= ii ® 1 e 


S> (fx ® £, 


p6 


= il ® 1 e 


5 ^3 ® £, 


r 7 


= il <g> o\ 


® e® 1, 


p8 


= il ® a 3 


® e® 1, 


p9 


= il ® 


5 1 ® (Ti. 



Here 7^ with /x = 0, 1, 2, 3 are 4x4 gamma matrices in the Majorana representation, 
we write them down explictly below. 



7 ° = -ia 2 ® 1, 7 1 = a 1 ® 1, (A.2) 



7 2 = cr 3 ® cr 1 , 7 3 = a 3 ® o- 3 . 



In ( |A.1| ) £ refers to the following 2x2 matrix 



-1 

1 



(A.3) 



The ,"in (|A.1|) is used to keep track of which 2-component spinor the 2x2 matrices 
act. Thus we have the following anti-commutation relations 



{r M , r^} = V MN , {7^, Y} = rf v . (A.4) 
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Note that all the 10 gamma matrices are purely imaginary. We now examine the 
supersymmetry variations ( [4.23 ) with this gamma matrix conventions. Substituting 



the anstaz in ( 4.21 ) in the supersymmetry variations and setting the dilatino variation 
to zero gives F MNP T MNP e = 0, expanding this out we obtain 

f mnp t mnp = | (rvrvF^ + rvr^) , (A.5) 

= A liiuF ^r 4 (i + r o r i r 2 r 3 r 4 r5 ) e -\{H+G)_ 

In the above manipulations we have used the fact that the 3-form field strength is 
self-dual in 6-dimensions and 

7 5 = ^r^r 3 , e^ pa lpa = -2i 7 ^ 7 5 . (A.6) 

Thus to set the dilatino variation to zero we need the following condition on the 6d 
chirality condition on the spinor 

r r l r 2 r 3 r 4 r 5 e = _ e _ (A. 7) 

Since the spinor e is a 10 Weyl spinor we also have the following condition 

r 6 r 7 r 8 r 9 e = -e. (A.8) 

We now look at the gravitino variation in the 4 directions and obtain 

6^ = V M e + l^ lpaF ^e'^ H+G ^ 4 (1 + r o r i r 2 r 3 r 4 r 5) r „ ( (AJ) 

Note that the coefficients occurring in this equation are real due to our convention 
of the lOd gamma matrices. Let us now look at the remaining components of the 
gravitino variation 

S^ = V+e-^^F^e*, (A.10) 
= fye - - A d,{H + G)e^r 4 i> - ^IpaF^e*. 
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Similarly the last component of the gravitino variation becomes 



G* 



dp - \d,{H - G)e^r 5 r> - l 7pCT i^e- G r 4 r 5 e* 



(A.11) 



Let us define the following linear combinations 

50. H = 5^ - e G r 5 r 4 5^, 
50 G = 5^ + e G r 5 r 4 ^- 

we obtain the equations 



(A.12) 



H+G 



H—G . 



-d^HT^e + e-—d (P e - e" — r 5 r 4 «97e, 



50 H 

50 G = -Id^GT^ + e-^d^e + e'^V^^e - \l prJ F p °e* 



(A.13) 



We now use the chirality condition ( |A.7| ) and the representation of the lOd gamma 
matrices in ( |A.1| ) to write the above equations as 

1 



50 H = ^d^H^edxe + e d^t - ie "^^d-^e, 
50 G = Id^eate + e'^d^e + ie'^j^e - \l pa F^e*. 



(A.14) 



Note that the coefficients of the above equations are also real, therefore we take the 
real parts of the equations in ( |A.10|) and ( |A.14j ). This removes the complex conjugate 
operation on the spinor. We then consider the following spinor 



e = t R + i(l <g> e (g> di)e R . 



(A.15) 



Here the subscripts stand for the real part of the spinor e, note that the 1 refers to 
the 8x8 identity matrix. The above form of e is in fact a reality condition on e, 
note that the reality condition does not involve the 4-d spinor. Thus the 4-d spinor 
is in general complex. The reality condition explicitly is given by 

e + e* = i(l®e®<7i)(e-e*). (A.16) 

The 6 dimensional chirality condition in ( A. 7 ) on e reduces to the following 

r r l r 2 r 3 r 4 r 5~ = ( Al7 ) 

while the chirality condition on the T 4 ( |A.8j ) directions remains 

r 6 r 7 r 8 r 9 e = -i. (a.is) 
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We now write down the susy variation equation for e from the equations ( A. 10 ) and 
( |A.14|) , we get the following equations 



1 H+G _ H-G 

-i-d IM H<y tl e + e 2 d^e-ie 



(A.19) 



2 7 5 ^e, 



We now can take the Kaluza-Klein anstaz for the spinor e 



■-(# + #) 



ex 



e(x, <p,<p) = exp 
Substituting this ansatz in the equations ( A.19| ) we obtain 



H+G _ 



(A.20) 



(A.21J 



H+G 



i5Q G = d^G^e + e ~ ^ + j e - -7 p(J F pCT e. 

The above supersymmetry variations are identical to that obtained in |I3| for the 
case of (1, 0) 6d supergravity. Therefore we can use the methods discussed in jT3| to 
find the Killing spinors. These equations determine the 4 dimensional component of 
the 10 dimensonal Killing spinor. The remaining components are determined by the 
the conditions (pOBQ , flA~T?D and flOSP - 

A.l Killing spinors in LLM coordinates 

We will now find the Killing spinors for AdS% x S 3 in LLM coordinates. In these 



coordinates the solution is given by 



ds P 



F {2) = -2 [d (ye G ) A (dt + V) + h 2 e G * 3 d {ye' )] . 



where 



h 2 (dt + Vidx'y + h\dy l + dijdx'dy 3 ) + y(e G dnj + e~ G dni), (A.22) 

(A.23) 

(A.24) 



h 2 = 2y cosh G, 
and z satisfies the following equations 



z = — tanhG, 
2 



dV = — *3 dz. 

y 



d { +yd y -d y )z = 0, 



(A.25) 



dizdiZ + dyzdyZ 



[l -Az 



2\2 
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Let us first obtain the 4 dimensional part of the Killing spinor, we will then use the 
conditions ([A. 16 ), ( A. 171 ) an d (|A.18 ) to obtain the full 10 dimensional Killing spinor. 
There are two choices for the Killing spinor of the above solution: 77 = 1,77 = — 1, or 
77 = —1,77 = +1 [13]. We now solve for the Killing spinor which has the condition 



77 = 1,77 = —1. Substituting the solution given in ( A. 22 ) into the the Killing spinor 
equation Sfljj = of ( |A.21| ) we obtain 



(V 1 + e 2G 7 3 + i^e G + lj e = 0. 



(A.26) 



Note that the above operator is a projector. To solve for the Killing spinor we first 
choose the following ansatz 



e = exp(^7 5 7 3 )ei, 7 3 ei = -e x . 



(A.27) 



Substituting the above ansatz in the Killing spinor equation given in ( |A.26| ) we obtain 
(V 1 + e 2G 7 3 + 77 5 e G + l) (cosh 5 + i sinh 57V) h = 0. (A.28) 



Expanding the above equation and equating the real and imaginary parts we obtain 
the following 



tanh£ 



Vl + e 2G -l 



:,G 



tanh<5 



Vl + e 2G + 1 



(A.29) 



From these equations we obtain that 



sinh 25 = exp G. 



(A.30) 



We now fix the normalization of the spinor e\\ Consider the following spinor bilinears 



(A.31) 



Let e\ = aeo where ejeo = 1. In the coordinate system of the metric in ( |A.22 ) we 
have K l = 1, L y = 1, therefore we have the conditions 



K l = hl^l = 1 



/ie 7 3 7 5 e = -1. 



(A.32) 



We impose this normalization by first requiring the projector 



7o7 3 7 5 e = e. 



(A.33) 
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Now from the construction of e in ( A. 27 ) we see that the above condition implies 
that 

(A.34) 



7o7 5 ei = ~h- 



To fix the normalization constant a we evaluate the following scalar constructed out 
of spinor bilinears 

f 2 = tie. (A.35) 



Substituting the form of the Killing spinor we obtain 

f 2 = zeiexp(-z57 3 7 5 )7°exp(z7 5 7 3 )ei, 
= a 2 sinh25 = ct 2 exp(G). 



(A.36) 



From |L3| we have f 2 = exp[(H + G)/2], therefore we obtain the value of the nor- 
malization constant a as 

/ n - n\ 

(A.37) 



a = exp 



4 



Similar manipulations show that this normalization is consistent with K l = 1 and 
L y — 1 in these cases one obtains the equation 



hcosh(25)a 2 



(A.38) 



The above equation can be easily shown to be true using the solution in (|A.22j) . 
As part of the consistency requirement it can be shown using simple gamma matrix 
manipulations that the other components of the vectors and vanish. Thus 
the Killing spinor is given by 



I = exp( — - — ) exp(i<5757 3 )e , 



1% 



-eo, 



7o7 5 eo 



-eo, 



(A.39) 



or more explicitly the four component spinor is given by 



e 4 = e 2 



e ( 2 ^(cosh^ — ry sinh<5)eo, 



V2 



1 

i 

w 



(A.40) 



It can be verified that the spinor in ( A.4U ) also satisfies the first equation in ( A.21| ). 
Note that there is a degree of freedom in choosing e which corresponds to rotations in 
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the (1, 2)-plane. The constraints determining eo commutes with the rotation matrix 
7172, therfore we can also consider the following 



exp(x7i72)e - 



(A.41) 



In ( |A.40[ ) we have reinstated the dependence on the coordinates 0, and set the 
arbitrary constant phase in e$ to be zero. Performing the same analysis with r] = 
— 1,7/ = 1 we obtain the following four component Killing spinor 



1 

7! 



e 

/l\ 




W 



(cosh 5 — i'j 5 sinh 8)e' Q , 



(A.42) 



Note that for this case compared to the case with r\ = l,fj — — 1 we have 5 — > —5 
and 7 3 e[, = e' and 7o7 5 e[) = — e^, since L y is now normalized to 1. There is again 
degree of freedom which corresponds to rotations in the (1, 2) plane given by 



i' -> exp(x7i72)eo- 



(A.43) 



With these ingredients the full 10 dimensional 32 component Killing spinor which 
satisfies the conditions ( |A.16| ), ( |A.17| ) and ( |A.18| ) is given by 



±(K 
y/2 \h 



+ 



(A.44) 



The 6 dimensional chirality condition ( |A.17| ) is satisfied due to the property el 



i'y 5 ^. Furthermore the rotation degree of freedom in the (1, 2) plane ( |A.41| ) and 



( |A.43| ) has to be such that both e"o and e' has to be rotated by the same angle x- 

Instead of working with the real part of the lOd spinor in ( |A.14j ) we can also 
work with the its imaginary part and construct the complex spinor e = e/ + ieb\ei. 
Then one obtains the same set of equations as given in ( |A.21|) with F replaced by 
—F. Going through the same procedure of solving for the complex spinor e we obtain 
the following Killing spinor 



1 1 







+ 



(A.45) 



Note that the 4 component part of the full spinor for this case has is complex con- 
jugate compared the solution in ( A.44 ). This the because on replacing F — > — F in 



- 29 - 



( [A. 21 ), e% and e'l are solutions. The remaining components of the 32 dimensional 
spinor remains the same since the construction of e for this situation is same as the 
situation when one works only with the real part of e. It is easy to verify that the 



spinor in ([A. 45 ) satisfies all the conditions given in ( |A.16|) , ( |A.17 ) and ( A.18| ). Thus 



we have constructed two Killing spinors ( |A.44 ) and (|A.45|) for AdS% x S 3 x T 4 . 



B. Gauge transformation 

We now proceed to obtain the relevant gauge transformation parameter for the 
Neveu-Schwarz B-field appearing in the right hand side of the supersymmetry al- 
gebra. The relevant parameter is given in equation (2.34) of which is given 
by 

K = A U P ~ a(WV3 + K?ei*ry 2 ), (b.i) 

where ei,e2 are any two Killing spinors and AJ = A;;* and A\ p = A 2 * p . The Neveu- 
Schwarz and the Ramond-Ramond 2-form are the real and imaginary components of 
A° p . Here we have converted the gamma matrices used in [23| to our convention by 



setting (TM)schwarz = ^m^ii- V± are related to the axion dilaton background. For 
constant dilaton backgrounds 6 one has 

Vl = V*, and Vl = V%*. (B.2) 



which are all constants. We now substitute the two Killing spinor solutions ( |A.44j ) 



and ( |A.45| ) into the expression for the gauge transformation (|B.1|) . For these solutions 



the 32-component 10 dimension Killing spinor e is related to e by 

Cl = i e 2 = l - (? + ?*). (B.3) 

Since e x is purely real and e 2 is purely imaginary, the spinor bilinear eiT^e^ is purely 
imaginary. From ( |B.1| ) and the conditions ( |B.2| ) it is easy to see that the contribution 
to the real part of the gauge transformation parameter A^ from the spinor bilinear 
is proportional to ieiT^ while the contribution to the imaginary part is given by 
eiT^. Thus the gauge transformation parameter relevant for the Neveu-Schwarz 
B-field is given by ieiT^- 

We now evaluate the spinor bilinear relevant for the gauge transformation pa- 
rameter and show that it is a constant. We have 

?(eir M e 2 ) = Re (ej'jol^h + e^ToT/^Q • ( B - 4 ) 



3 The near horizon-geometry of the D1-D5 system has a constant dilaton background. 
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Here we have used ( P-3| ) and substituted the solutions for e and e' given in ( |A.44j ) 
and (|A.45|) . Let us first evaluate Re(eJ 707^64) at say <fi = 0, = 7 . Using the the 
expression given in ( |A.40| ) we find: 

el7o7oe4 = ^707364 = 0, 
tllolih = e-ej7o7|e 4 , 

= e'exp ( — - — )e^7o7j(cosh25 + ismh25^ 3 )e~ . (B.5) 

But using the solution in ( |A.40| ) one can show that e^7o7i7 5 7 3e ~o = 0- We also have 

eo7o7ie"o = 1, eo7o7 2 e ~o = i- ( B -6) 



Therefore 



R-e(ej7o7ie 4 ) = exp( — - — ) cosh 25 = ft -1 , 



We then have 



Re^oT^) = 0. (B.7) 

Re(ej7o7ie 4 ) = e}Re(ej7 7ie 4 ), 

= hx h- 1 = 1. 
Re(ej7o7 2 e 4 ) = e2Re(ej7Q7o7§e4), 

= 0. (B.8) 

A similar calculation yields 

Re(e 4 T 7o7iel) = 1, Re(ef 7 o7 2 e 4 ) = 0. (B.9) 

All the remaining components of the above bilinear vanish. Combining ( B.8 ) and 
the relevant gauge parameter is given by 



- zRe(e5 r 7 o7ie 2 ) = 1, -iRe(e^ 7 o72e 2 ) = 0. (B.10) 
But since we have the freedom of rotation of the solution in the (1,2) given by ( A. 41 



and (|A.43|) we can rotate the above gauge parameter to point along any direction 
in the (1,2) plane. We refer to the gauge parameter as and the non-vanishing 
components are given by 

w 1 = cosx, co>2 = sin (B.ll) 

where \ is a constant. 



7 The giant magnon is located at a definite point along these directions. 
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